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Abstract In the present work, we formulate a generalization of the Noether The-
orem for action-dependent Lagrangian functions. The Noether’s theorem is one of
the most important theorems for physics. It is well known that all conservation
laws, e.g., conservation of energy and momentum, are directly related to the in-
variance of the action under a family of transformations. However, the classical
Noether theorem cannot be applied to study non-conservative systems because it
is not possible to formulate physically meaningful Lagrangian functions for this
kind of systems in the classical calculus of variation. On the other hand, recently
it was shown that an Action Principle with action-dependent Lagrangian func-
tions provides physically meaningful Lagrangian functions for a huge variety of
non-conservative systems (classical and quantum). Consequently, the generalized
Noether Theorem we present enable us to investigate conservation laws of non-
conservative systems. In order to illustrate the potential of application, we consider
three examples of dissipative systems and we analyze the conservation laws related
to spacetime transformations and internal symmetries.
1 Introduction
Since the introduction of the Action Principle in its mature formulation by Euler,
Lagrange, and Hamilton, it has become one of the most fundamental principles
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of physics. It provides a solid and universal foundation for the whole dynamical
structure in any classical or quantum conservative theory. Actually, it is from the
Action Principle that the dynamical equations describing any conservative sys-
tem, in any physical theory (classical or quantum), is obtained. However, despite
its importance to study conservative systems, it is well known that the equations
of motion for dissipative linear dynamical systems cannot be obtained from a
physically meaningful Lagrangian in the classical Action Principle framework. A
rigorous proof for the failure of the Action Principle in describing dissipative sys-
tems was given in 1931 by Bauer [1], who proved that it is impossible to obtain a
dissipation term proportional to the first order time derivative in the equation of
motion from the traditional Action Principle.
Over the last century, several methods have been developed in order to over-
come the failure of the Action Principle to describe non-conservative systems. Ex-
amples include time-dependent Lagrangians [2,3,4,5,6,7], the Bateman approach
by introducing auxiliary coordinates that describe the reverse-time system [8,9,10,
11,12,13] and Actions with fractional derivatives [14,15]. Unfortunately, all these
approaches either give us non-physically meaningful Lagrangian functions (in the
sense that they provide non-physical relations for the momentum and Hamiltonian
of the system) or make use of non-local differential operators with algebraic proper-
ties different from usual derivatives (see [14,15] for a detailed discussion). In recent
works [16,17], in order to formulate an Action Principle for non-conservative sys-
tems, we take a different approach and we propose a physically meaningful Action
Principle for dissipative systems by generalizing the variational problem [18,19,20]
for Lagrangian density functions depending itself on an action-density field. In any
physical theory, the Lagrangian function which defines the Action is constructed
from the scalars of the theory, and from it, the corresponding dynamical equations
can be obtained. However, the Action itself is a scalar and we might ask ourselves
what would happen if the Lagrangian function itself were a function of the Ac-
tion. For a one dimensional system, the answer to this question can be given by an
almost forgotten variational problem proposed by Herglotz in 1930 [18,19,20]. A
reason for this problem to be almost unknown is that a covariant generalization for
several independent variables is not direct. Only recently the Herglotz variational
problem gained more interest in the literature [19,20,21,22,23,24,25,26,27] and,
in particular, in a recent work [16] we formulated a covariant generalization for
the Herglotz problem to construct a non-conservative gravitational theory from
the Lagrangian formalism. Furthermore, by following the ideas we introduced in
[16], in [17] we formulated a general Action Principle for non-conservative systems
for Lagrangian density functions depending itself on an action-density field. We
obtained a generalization of the Euler-Lagrange equation for this Action Principle
and applied it in several classical and quantum systems.
A physically consistent generalization of the Action Principle to non-conservative
systems enable us to use all the mathematical machinery of the calculus of varia-
tion to study dissipative systems. Among these mathematical machineries, we can
highlight the Noether’s theorem that becomes one of the most important theorems
for physics in the 20th century. Since the seminal work of Emmy Noether, it is
well known that all conservation’s laws in mechanics, as for example, conserva-
tion of energy and momentum, are directly related to the invariance of the Action
under a family of transformations. Furthermore, conserved quantities in any dy-
namical system play a major role in the analysis of the system. They enable us
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to solve some problems without a more detailed knowledge of the dynamics, for
example, as found in any undergraduate textbook in physics, we can solve easily
several mechanical problems by making use of the energy and momentum conser-
vations without the necessity of solving the dynamical equation given by Newton’s
second law of motion. In general, the continuous symmetries and its related con-
served quantities give us first integrals for dynamical systems that can be used to
simplify the problem. On the other hand, non-conservative forces remove energy
from the systems and, as a consequence, the standard Noether constants of mo-
tion (as energy and momentum) are broken. In this context, the generalization of
the Noether’s theorem for the Action Principle defined in [16,17] is fundamental
to investigate the action symmetries for nonconservative systems. In the present
work, we generalize Noether’s theorem for Lagrangian density functions depend-
ing itself on an action-density field. As examples of application to non-conservative
systems, we study the problem of a vibrating string under a frictional force, and
the problem of a complex scalar field.
The paper is organized in the following way. In Section 2 we review the basic
notions of Herglotz variational problem and our generalization for fields [16,17].
Furthermore, we discuss the gauge invariance in our Action Principle [16,17] and
we introduce a Canonical Gauge. The Noether’s theorem for Lagrangian density
functions depending itself on an action-density field is obtained in Section 3. The
examples of applications of the Noether’s theorem are presented in Section 4.
Finally, the conclusions are presented in Section 5.
2 Action Principle for Action dependent Lagrangians
In this section, we first present the Action Principle introduced by us in [16,17],
and after we show that the Action is gauge invariant. This gauge invariance will
play a fundamental role in the generalization of the Noether Theorem.
2.1 The Herglotz variational problem
In recent works [16,17], we formulated a covariant Action Principle for Action
dependent Lagrangian densities by generalizing the Herglotz variational problem.
The original Herglotz problem, introduced in 1930 [18,19], consists in the problem
of determining the function x(t) that extremizes (minimizes or maximizes) S(b),
where the Action S(t) is a solution of
S˙(t) = L(t, x(t), x˙(t), S(t)), t ∈ [a, b]
S(a) = sa, x(a) = xa, x(b) = xb, sa, xa, xb ∈ R.
(1)
It is important to stress that S(t) is a functional since, for each function x(t), we
have a different differential equation problem (1). Therefore, S(t) depends on x(t).
Furthermore, the Herglotz problem (1) reduces to the classical fundamental prob-
lem of the calculus of variations if the Lagrangian function L does not depend on
S(t). In this particular case, by integrating (1), we obtain the classical variational
problem
S(b) =
∫ b
a
L˜(t, x(t), x˙(t)) dt −→ extremum, (2)
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where x(a) = xa, x(b) = xb, and
L˜(t, x(t), x˙(t)) = L(t, x(t), x˙(t)) +
sa
b− a
. (3)
Herglotz proved [18,19] that a necessary condition for a function x(t) to imply
an extremum of the variational problem (1) is given by the generalized Euler-
Lagrange equation:
∂L
∂x
−
d
dt
∂L
∂x˙
+
∂L
∂S
∂L
∂x˙
= 0. (4)
It is easy to notice that in the case where ∂L
∂S
= 0, as in the classical problem (2),
the differential equation (4) reduces to the classical Euler-Lagrange equation. The
potential application of Herglotz problem to non-conservative systems is evident
even in the simplest case, where the dependence of the Lagrangian function on the
Action is linear [17]. For example, the Lagrangian function
L =
mx˙2
2
− U(x)−
γ
m
S (5)
describes a dissipative system with a point particle of mass m under a potential
U(x) and a viscous force with a resistance coefficient γ. From (4), the resulting
equation of motion,
mx¨+ γx˙ = F, (6)
includes the well-known dissipative term proportional to the velocity x˙, where x¨
is the particle acceleration and F = −dU
dx
is the external force. In this context, the
linear term γ
m
S in the Lagrangian function (5) can be interpreted as a potential
function for the non-conservative force [17]. Furthermore, the Lagrangian given by
(5) is physical in the sense it provides us with physically meaningful relations for
the momentum and the Hamiltonian [17,14,15].
2.2 Generalization of the Herglotz problem for fields
Although the Herglotz problem was introduced in 1930, a covariant generalization
of (1) for several independent variables is not direct and was proposed only recently
[16,17]. For a scalar field φ(xµ) = φ(x1, x2, · · · , xd) defined in a domain Ω ∈
R
d (d = 1, 2, 3, · · · ), the classical problem of variational calculus deals with the
problem to find φ that extremizes the functional
S(δΩ) =
∫
δΩ
L (xµ, φ(xµ), ∂νφ(x
µ))ddx, (7)
where δΩ is the boundary of Ω, and φ satisfies the boundary condition φ(δΩ) =
φδΩ with φΩ : δΩ −→ R. The cornerstone of a generalization of the Herglotz
problem for fields is to note that, for a given fixed φ, the functional S defined
in (7) reduces to a function of the boundary δΩ. In this context, if there is a
differentiable vector field sµ such that
S(δΩ) =
∫
δΩ
s
ν
nν dσ, (8)
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where here and throughout the rest of the work we assume the summation con-
vention on repeated indices, then, from the Divergence Theorem we obtain
S(δΩ) =
∫
δΩ
s
ν
nνdσ =
∫
Ω
∂νs
ν
d
d
x =
∫
Ω
L (xµ, φ(xµ), ∂νφ(x
µ), sµ) ddx, (9)
where we consider that δΩ is an orientable Jordan surface, nµ is the surface normal
vector field, and dσ is the surface differential. Consequently, we can generalize the
Herglotz variational principle as follows [17]:
Definition 1 (Fundamental Problem) Let the action-density field sµ be a
differentiable vector field on Ω ∈ Rd. The fundamental problem of Herglotz varia-
tional principle for fields consists in determining the field φ that extremizes (min-
imizes or maximizes) S(δΩ), where S(δΩ) is given by
∂νs
ν = L (xµ, φ(xµ), ∂µφ(x
µ), sµ) , xµ = (x1, x2, ..., xd) ∈ Ω
S(δΩ) =
∫
δΩ
s
ν
nνdσ, φ(δΩ) = φδΩ , φ(δΩ) : δΩ −→ R.
(10)
Like in the original Herglotz problem, it is easy to notice that the Action
functional defined by (10) reduces to the usual Action (7) when the Lagrangian
function is independent of the action-density field sµ. Furthermore, we can prove
the following condition for the extremum of (10) (see [17] for the proof):
Theorem 1 (Generalized Euler-Lagrange equation for non-conservative
fields) Let ∂sνL = γν be a gradient γν = ∂νf(x
µ) = (∂x1f, · · · , ∂xdf) of a scalar
field f : Ω −→ R, and let φ∗ be the fields that extremize S(δΩ) defined in (10).
Then, the field φ∗ satisfies the generalized Euler-Lagrange equation
∂L
∂φ∗
−
d
dxν
(
∂L
∂ (∂νφ∗)
)
+ γν
∂L
∂ (∂νφ∗)
= 0. (11)
It is easy to see that for Lagrangian functions independent on sµ, the general-
ized Euler-Lagrange equation (11) reduces to the usual one,
∂L
∂φ∗
−
d
dxν
(
∂L
∂ (∂νφ∗)
)
= 0, (12)
since, in this case, γµ = 0. Furthermore, when the action-density field s
µ has only
one non-null component and it is a function of only one variable, for example
s1 6= 0 and x1 = t, and Ω = [ta, tb]⊗R
d−1, the fundamental problem in Definition
1 contains, as a particular case, the non-covariant problem introduced in [20].
Moreover, in the latter situation, equation (10) can be easily solved for Lagrangian
functions linear on s1, resulting in a s1 expressed as a history-dependent function.
Finally, it is straightforward to generalize the fundamental problem (10) and
the Euler-Lagrange equation (11) to the case with several fields φi(xµ) = φi(x1, x2, · · · , xd)
(i = 1, ...,N). In this case we have the Action S(δΩ) defined by [17]
∂νs
ν = L
(
x
µ
, φ
i(xµ), ∂µφ
i(xµ), sµ
)
, x
µ = (x1, x2, ..., xd) ∈ Ω
S(δΩ) =
∫
δΩ
s
ν
nνdσ, φ
i(δΩ) = φiδΩ , φ
i(δΩ) : δΩ −→ R,
(13)
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and for a Lagrangian function for which ∂sνL = γν = ∂νf(x
µ), we obtain the
following set of generalized Euler-Lagrange equations:
∂L
∂φi∗
−
d
dxν
(
∂L
∂ (∂νφi∗)
)
+ γν
∂L
∂ (∂νφi∗)
= 0, i = 1, ...,N. (14)
We can now formulate an Action Principle suited to dissipative systems and
free from difficulties found in previous approaches.
Definition 2 (Generalized Action Principle [17]) The equation of motion
for a physical field φi is the one for which the Action (13) is stationary.
As a consequence of Definition 2, the physical field should satisfy the gener-
alized Euler-Lagrange equation (14). Since for Lagrangian functions independent
on the action-density the variational problem (13) reduces to the classical one,
the generalized Action Principle is appropriate to describe both conservative and
non-conservative systems [17].
Remark 1 We can extend for the more general Action Principle in Definition 2
the physical interpretation we give to the Lagrangian (5) for a single particle
under frictional forces. Since in Theorem 1 we consider only the particular case
when ∂sνL = γν with γν = ∂νf(x
µ) = (∂x1f, · · · , ∂xdf), the Lagrangian functions
L of a general physical system, in the sense of Definition 2, can be written as
L = Lc+ γνs
ν , where Lc is a standard Lagrangian function for the corresponding
conservative system (kinetic energy minus the potential of conservative interac-
tions) and γνs
ν can be interpreted as the potential energy of non-conservative
interactions. In this context, the physical content of the dissipative interactions
are contained in γν , that is, in the function f(x
µ). As we shall see in the exam-
ples displayed in Section 4, for a constant γν , and a Lagrangian quadratic in the
first order time derivative, we will have a linear frictional force proportional to
the first order time derivative, as in the Lagrangian (5). This results follows from
the fact that the Euler-Lagrange equation give us a frictional force γν
∂Lc
∂ (∂νφi∗)
in this case. More general nonlinear dissipative forces will be found when γν is
not constant and when the Lagrangian Lc is not quadratic in the first order time
derivative.
2.3 Gauge invariance of the Action
An important and interesting feature of the Action Principle in Definition 2 is that
the Action S(δΩ) is gauge invariant. This follows directly from the fact that the
Fundamental Problem (10) do not completely fix the action-density field sµ. For
example, in the three-dimensional case where xµ = x = (x1, x2, x3) and sµ = s =
(s1, s2, s3), the action-density field sµ is fixed unless the curl of any vector field v,
since for any s = s+∇× v we have
S(δΩ) =
∫
δΩ
s·n dσ =
∫
Ω
∇·s d3x =
∫
Ω
∇·(s+∇× v) d3x =
∫
Ω
∇·s d3x = S(δΩ),
(15)
where S(δΩ) is defined by (10) with s instead of s. Although the action-density field
sµ is not completely fixed by (10), the Fundamental Problem (10) give us dynamic
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equations (11) that completely fix the field φ. We can make an analogy with the
electromagnetic theory, where the Maxwell equations do not completely fix the
four-vector potential, and say that the Action S(δΩ) is gauge invariant under
gauge transformations of the action-density field sµ. Let us define the following
Canonical Gauge:
Definition 3 (Canonical Gauge) Let sµ be a differentiable vector field and
γµ = ∂sµL. The Canonical Gauge for the Fundamental Problem (10) is defined by
the condition
γν∂µs
µ − γµ∂νs
µ = 0. (16)
The reason why we choose the Canonical Gauge as in (16) will be clear in the next
section when we obtain the generalization of the Noether Theorem. Although
the field φ is independent the gauge we choice, the gauge invariance will play a
fundamental role in the generalization of the Noether Theorem.
3 Generalized Noether Theorem
Physical systems described by the Herglotz Euler-Lagrange equation are, in gen-
eral, non-conservative in the classical sense (as an example, the total energy is
non-conserved in systems under frictional forces). In this context, the generaliza-
tion of Noether Theorem is fundamental to study conservative quantities in non-
conservative systems described by Herglotz problems. In recent works, Noether’s
like theorems for several kinds of Herglotz variational problems are proposed [20,
21,22,23,24,25,26,27]. In the present work, in order to generalize the Noether The-
orem for our Action Principle given by the Fundamental Problem 1, we consider
invariance transformations in the (xµ, φ)-space, depending on a real parameter ǫ.
To be more precise, we consider the one-parameter group of invertible transfor-
mations {
x˜µ = ϕµ(xν , φ; ǫ), µ, ν = 1, ..., d
φ˜ = ψ(xν, φ; ǫ),
(17)
where ϕµ(xν , φ; 0) = xµ and ψ(xν , φ; 0) = φ. We now define the transformed
action-density s˜µ of sµ, given by Definition 1, as
Definition 4 The transformed action-density s˜µ of sµ, given by Definition 1, is
a solution of the transformed differential equation
∂˜ν s˜
ν = L
(
x˜
µ
, φ˜, ∂˜µφ˜, s˜
µ
)
, (x˜µ ∈ Ω˜), (18)
where Ω˜ is the transformed domain of the domain Ω, and ∂˜µ =
∂
∂x˜µ
.
We can now define what means a functional S(δD) be invariant under a one-
parameter group of invertible transformation (17).
Definition 5 (Invariance) Let D be a closed subdomain of Ω with boundary
δD ⊂ Ω. We say that the functional defined by (10) is invariant under the family
of transformations (17) if the functional S˜(δD˜) =
∫
δD˜
s˜ν n˜ν dσ˜ defined by the
transformed equation (18), where D˜ and δD˜ are the transformed D and δD under
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(17), and the functional S(δD), defined by the non-transformed equation (10),
satisfy
S˜(δD˜) =
∫
δD˜
s˜
ν
n˜ν dσ˜ =
∫
δD
s˜
ν
nν dσ =
∫
δD
s
ν
nν dσ = S(δD). (19)
Furthermore, if the functional is invariant under a local one-parameter group G of
transformations (17), we say that G is a symmetry group.
We can now obtain the following identity from the invariance Definition 5:
Theorem 2 Let (17) be a symmetry group of the functional S(δΩ) defined in
(10). Then the following identity
d
dxν
[(
∂L
∂ (∂νφ)
η + Lξν −
∂L
∂ (∂νφ)
∂µφ ξ
µ
)
e
−f(xα)
]
+e−f(x
α) (γν∂µs
µ − γµ∂νs
µ) ξν = 0
(20)
holds on solutions of the generalized Euler-Lagrange equation (11), where ξµ =
dϕµ
dǫ
|ǫ=0 and η =
dψ
dǫ
|ǫ=0.
Proof In order to prove the generalized Noethers theorem for the Fundamental
Problem (10), we recall from the Lie theory that near the identity transformation
the action of the group (17) is the same as the action of the infinitesimal linear
group {
x˜µ = xµ + ξµ(xν, φ)ǫ,
φ˜ = φ+ η(xν , φ)ǫ,
(21)
where ξµ = dϕ
µ
dǫ
|ǫ=0 and η =
dψ
dǫ
|ǫ=0. From the condition (19) we have
S˜(δD˜) =
∫
δD˜
s˜
ν
n˜ν dσ˜ =
∫
D˜
∂˜ν s˜
ν
d
d
x˜ =
∫
D˜
L(x˜µ, φ˜, ∂˜µφ˜, s˜
µ) ddx˜ =
∫
δD
s˜
ν
nν dσ =
∫
D
∂ν s˜
ν
d
d
x.
(22)
Now we perform a change of variables in (22) to go back to the original variables
xµ and φ. We obtain∫
D
∂ν s˜
ν
d
d
x =
∫
D
L(x˜µ, φ˜, ∂˜µφ˜, s˜
µ) det
(
∂x˜µ
∂xν
)
d
d
x, (23)
where the determinant of the Jacobi matrix arises from the change of variables
xµ. By taking a derivative of (23) with respect to ǫ we get
dS˜(δD˜)
dǫ
∣∣∣∣
ǫ=0
=
∫
D
∂ν
ds˜ν
dǫ
∣∣∣∣
ǫ=0
d
d
x =
∫
D
[
dL
dǫ
det
(
∂x˜µ
∂xν
)
+ L
d
dǫ
det
(
∂x˜µ
∂xν
)]∣∣∣∣
ǫ=0
d
d
x = 0,
(24)
since by hypothesis the one-parameter group of transformations (21) leaves the
functional S(δD) invariant, namely S˜(δD˜) = S(δD). Since from (21) we have
∂x˜µ
∂xν
∣∣∣
ǫ=0
= δij , we get
det
(
∂x˜µ
∂xν
)∣∣∣∣
ǫ=0
= 1. (25)
After some calculations we also obtain
d
dǫ
det
(
∂x˜µ
∂xν
)∣∣∣∣
ǫ=0
=
dξν
dxν
. (26)
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By inserting (25) and (26) into (24) we have
∫
D
∂ν
ds˜ν
dǫ
∣∣∣∣
ǫ=0
d
d
x =
∫
D
[
dL
dǫ
∣∣∣∣
ǫ=0
+ L
dξν
dxν
]
d
d
x. (27)
Thus
∫
D
∂νζ
ν
d
d
x =
∫
D
[
∂L
∂xν
ξ
ν +
∂L
∂φ
η +
∂L
∂ (∂νφ)
d
dǫ
(
∂˜ν φ˜
)∣∣∣
ǫ=0
+ γνζ
ν + L
dξν
dxν
]
d
d
x,
(28)
where now ζµ = ds˜
µ
dǫ
∣∣∣
ǫ=0
. After some calculations we get
d
dǫ
(
∂˜ν φ˜
)∣∣∣
ǫ=0
=
dη
dxν
− ∂µφ
dξµ
dxν
. (29)
Finally, by inserting (29) into (28) results in
∫
D
[
∂νζ
ν −
∂L
∂xν
ξ
ν −
∂L
∂φ
η −
∂L
∂ (∂νφ)
(
dη
dxν
− ∂µφ
dξµ
dxν
)
− L
dξν
dxν
− γνζ
ν
]
d
d
x = 0.
(30)
A sufficient condition to satisfy (30) for any subdomain D ⊂ Ω is that
∂νζ
ν =
∂L
∂xν
ξ
ν +
∂L
∂φ
η +
∂L
∂ (∂νφ)
(
dη
dxν
− ∂µφ
dξµ
dxν
)
+ L
dξν
dxν
+ γνζ
ν (31)
Since γν = ∂νf(x
µ) is a gradient vector on D ⊂ Ω, (31) implies that ζν can be
written as
ζ
ν(xµ, φ, ∂µφ, s
µ) = Aν(xµ, φ, ∂µφ, s
µ)ef(x
α)
, (32)
where
∂νA
ν(xµ, φ, ∂µφ, s
µ) =
[
∂L
∂xν
ξ
ν +
∂L
∂φ
η +
∂L
∂ (∂νφ)
(
dη
dxν
− ∂µφ
dξµ
dxν
)
+ L
dξν
dxν
]
e
−f(xα)
.
(33)
From (22) we have
dS˜(δD˜)
dǫ
∣∣∣∣
ǫ=0
=
∫
δD
ds˜ν
dǫ
∣∣∣∣
ǫ=0
nν dσ =
∫
δD
ζ
ν
nν dσ = 0. (34)
A sufficient condition to satisfy (34) for any subdomain D ⊂ Ω is that the function
Aν(xµ, φ, ∂µφ, s
µ) satisfy the boundary condition Aνnν = 0 for all x
µ ∈ δD.
Consequently,
∫
δD
A
ν(xµ, φ, ∂µφ, s
µ)nν dσ =
∫
D
∂νA
ν(xµ, φ, ∂µφ, s
µ) ddx
=
∫
D
[
∂L
∂xν
ξ
ν +
∂L
∂φ
η +
∂L
∂ (∂νφ)
(
dη
dxν
− ∂µφ
dξµ
dxν
)
+ L
dξν
dxν
]
e
−f(xα)
d
d
x = 0.
(35)
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Let us now obtain the generalized Euler-Lagrange equation (11) under the integral
(35). By considering first the term involving dη
dxν
, equation (35) can be written as
∫
δD
A
ν(xµ, φ, ∂µφ, s
µ)nν dσ =
=
∫
D
η
[
∂L
∂φ
−
d
dxν
∂L
∂ (∂νφ)
+ γν
∂L
∂ (∂νφ)
]
e
−f(xα)
d
d
x+
∫
D
d
dxν
[
∂L
∂ (∂νφ)
ηe
−f(xα)
]
d
d
x+
+
∫
D
[
∂L
∂xν
ξ
ν −
∂L
∂ (∂νφ)
∂µφ
dξµ
dxν
+ L
dξν
dxν
]
e
−f(xα)
d
d
x = 0,
(36)
which on the solution of the generalized Euler-Lagrange equations (11) becomes
∫
D
[
d
dxν
(
∂L
∂ (∂νφ)
ηe
−f(xα)
)
+
(
∂L
∂xν
ξ
ν −
∂L
∂ (∂νφ)
∂µφ
dξµ
dxν
+ L
dξν
dxν
)
e
−f(xα)
]
d
d
x = 0.
(37)
Finally, by considering the terms involving dξ
µ
dxν
and dξ
ν
dxν
in (37) we get
∫
D
d
dxν
[(
∂L
∂ (∂νφ)
η + Lξν −
∂L
∂ (∂νφ)
∂µφξ
µ
)
e
−f(xα)
]
d
d
x−
∫
D
[
ξ
ν
∂νφ
(
∂L
∂φ
−
d
dxµ
∂L
∂ (∂µφ)
+ γµ
∂L
∂ (∂µφ)
)
+ γµ∂νs
µ
ξ
ν − Lγνξ
ν
]
e
−f(xα)
d
d
x = 0,
(38)
which on the solution of the generalized Euler-Lagrange equations (11), and by
using (10), reduces to
∫
D
{
d
dxν
[(
∂L
∂ (∂νφ)
η + Lξν −
∂L
∂ (∂νφ)
∂µφξ
µ
)
e
−f(xα)
]
+ e−f(x
α)
ξ
ν (γν∂µs
µ − γµ∂νs
µ)
}
d
d
x = 0.
(39)
Since (39) should be satisfied for any subdomain D of Ω, we obtain (20).
We can now formulate the Generalized Noether Theorem for Herglotz varia-
tional principle. Since the Action S(δΩ) is gauge invariant, the action-density field
sµ is not uniquely defined by the Fundamental Problem given by (10). This is not
a problem in determining the equation of motion (11) that completely fix the phys-
ical field φ, in a similar way that Maxwell’s equations completely fix the physical
electromagnetic field but do not fix the vector and scalar potentials. However, the
specific choices we make for the action-density sµ plays an important role when
analyzing the symmetries from invariance transformations, since sµ arouses in the
identity (20) that holds when the Action is invariant under (17). In this context,
in order to obtain conserved quantities from (20) with physically meaningful con-
tent, it is reasonable to choose a gauge where the identity (20) becomes a total
derivative. Thus we have for the generalization of the Noether Theorem:
Title Suppressed Due to Excessive Length 11
Theorem 3 (Generalized Noether Theorem) Let (17) be a symmetry group
of the functional S(δΩ) defined in (10), and let us assume the canonical gauge
(16). Then the following quantity
[
∂L
∂ (∂νφ)
η + Lξν −
∂L
∂ (∂νφ)
∂µφ ξ
µ
]
e
−f(xα) (40)
is conserved (constant of motion) on solutions of the generalized Euler-Lagrange
equation (11).
Proof The proof follows directly from (20) by inserting (16).
Remark 2 Note that the canonical gauge (16) is not the only possibility to re-
duce the identity (20) into a total derivative. For example, the gauge (γν∂µs
µ −
γµ∂νs
µ)ξν = ef(x
α)∂νF
ν(xα), where F ν(xα) is any vector field, also reduces (20)
into a total derivative. However, there is no physical motivation to introduces a
nonnull field F ν(xα) in the problem.
Remark 3 Our Generalized Noether Theorem (40) generalizes for fields the Noether’s
like theorems for the classical Herglotz problem [20,22]
Remark 4 It is easy to see that for Lagrangian functions independent on sµ, the
Generalized Noether Theorem (40) reduces to the usual one,
∂L
∂ (∂νφ)
η + Lξν −
∂L
∂ (∂νφ)
∂µφ ξ
µ = constant, (41)
since, in this case, γµ = 0 implies f(x
α) = constant.
Finally, it is straightforward to generalize Theorem 3 to the case with several
fields φi(xµ) = φi(x1, x2, · · · , xd) (i = 1, ...,N). In this case we have the Action
S(δΩ) in (13). By defining a one-parameter group of invertible transformations
{
x˜µ = ϕµ(xν, φj ; ǫ),
φ˜i = ψi(xν , φj ; ǫ),
(42)
where ϕµ(xν , φj ; 0) = xµ and ψi(xν , φj ; 0) = φi, and the transformed action-
density s˜µ of sµ is solution of ∂˜ν s˜
ν = L
(
x˜µ, φ˜j , ∂˜µφ˜
j , s˜µ
)
(x˜µ ∈ Ω˜), we get
Theorem 4 (Generalized Noether Theorem for several fields) Let (42) be
a symmetry group of the functional S(δΩ) defined in (13), and let us assume the
canonical gauge (16). Then the following quantity
[
∂L
∂ (∂νφi)
η
i + Lξν −
∂L
∂ (∂νφi)
∂µφ
i
ξ
µ
]
e
−f(xα)
, (43)
where ξµ = dϕ
µ
dǫ
|ǫ=0 and η
i = dψ
i
dǫ
|ǫ=0, is conserved (constant of motion) on the
solution of the generalized Euler-Lagrange equation (11).
Proof The proof follows similarly the ones of Theorem 2 and Theorem 3, by con-
sidering the Definition 5.
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4 Examples
The conserved quantities in any dynamical system play a major role in the analy-
sis of the system. They enable us to solve some problems without a more detailed
knowledge of the dynamics, for example, as found in any undergraduate textbook
in physics, we can solve easily several mechanical problems by making use of the
energy and momentum conservations without the necessity of solving the dynam-
ical equation given by Newton’s second law of motion. In general, the continuous
symmetries and its related conserved quantities give us first integrals for dynamical
systems that can be used to simplify the problem. In this context, our general-
ized Noether Theorems 40 and 43 provide us a fairly automatic procedure to find
conserved quantities for dissipative systems.
In this section, we consider two examples in order to illustrate the potential of
application of our Action Principle in Definition 2, and its related Noether Theo-
rems 40 and 43, to investigate dissipative systems. In the first, we investigate the
conserved quantities related to the symmetries under space and time transforma-
tions for a vibrating string under viscous forces. The second example illustrates
a conservation law related to internal (global) symmetry in a dissipative complex
scalar field system.
4.1 Spacetime transformations symmetries: a vibrating string under viscous
forces
In order to illustrate the potential of application of our Action Principle 2 and
generalized Noether theorems (3) and (4) to investigate dissipative systems, we
consider a vibrating string under viscous forces (like the frictional reaction of the
air through which the string moves, among others). This is the simplest continuous
mechanical system that we can include dissipative forces. We can also extend this
method to bars, membranes, etc. Let us consider a two-dimensional space-time
(d = 2), with x1 = t (t ∈ [ta, tb]), and x2 = x, (x ∈ [a, b]). The Lagrangian
function for a vibrating string under viscous forces can be given by [17]
L =
µ
2
(∂tφ)
2 −
T
2
(∂xφ)
2 −
γ
µ
s
1 (44)
where µ is the mass density, T is the string tension, φ is the string transverse
displacement from equilibrium, γ is the viscous coefficient of the medium, and we
choose γµ = (−
γ
µ
, 0). The last term in (44) can be interpreted as potential energy
for the dissipative force [17]. The first and second terms in (44) are the kinetic
energy and the elastic potential, respectively. From the Lagrangian function (44),
it is easy to see that our Action Principle gives the correct equation of motion
for a string under the presence of a viscous force proportional to the first order
derivative ∂tφ. By inserting (44) into the generalized Euler-Lagrange equation (11)
we get
µ∂ttφ− T∂xxφ+ γ∂tφ = 0. (45)
Since we have a frictional force, the total energy of the system is not conserved.
From our generalized Noether’s Theorem 3 the conserved quantity under time and
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space translations (ξµ 6= 0 and η = 0) is
T
ν
µ e
γ
µ
t
=
(
∂L
∂ (∂νφ)
∂µφ− δ
ν
µL
)
e
γ
µ
t
, (46)
where T νµ is the well know stress-energy tensor for a scalar field φ, δ
ν
µ is the
Kronecker delta function, and we set f(xα) = − γ
µ
t since ∂νf = ∂sνL = γν =
(− γ
µ
, 0) is a constant vector. Since (46) is conserved, we have
∂ν
(
T
ν
µ e
γ
µ
t
)
= 0. (47)
Then, the two conserved quantities are given by
Ee
γ
µ
t
and Pe
γ
µ
t
, (48)
where
E(t) =
∫ b
a
T
1
1 dx =
∫ b
a
(
µ
2
(∂tφ)
2 +
T
2
(∂xφ)
2 +
γ
µ
s
1
)
dx (49)
is the total energy (sum of kinetic and potential energies), and
P (t) =
∫ b
a
T
0
1 dx = µ
∫ b
a
∂tφ ∂xφ dx (50)
is the total momentum of the system. Then, from the conserved quantities (48) we
can conclude that the value of both energy and momentum decreases exponentially
in time. In particular, we have for the energy
E(t) = E0e
−
γ
µ
t = e−
γ
µ
∫ b
a
(
µ
2
(∂tφ)
2 +
T
2
(∂xφ)
2
)∣∣∣∣
t=0
dx, (51)
where E0 is the initial value of the mechanical energy, and, since the Lagrangian
function is defined less than a constant (actually, it is defined less than a total
derivative) as in traditional calculus of variation, we set s1|t=0 = 0 without loss
of generality.
4.2 Time transformations symmetry: a two-degree-of-freedom nonlinear
dissipative oscillator
In the present example, we consider a spherical pendulum under frictional forces.
A spherical pendulum is a simple pendulum consisting of a particle of mass m
suspended from a fixed point O by a rigid rod of length l and negligible mass. The
pendulum is free to swing to the entire solid angle about the pointO. Consequently,
the particle of mass m moves on a spherical surface of radius l in the gravitational
field. A Lagrangian for this system, in a spherical coordinate system, is given by
L =
ml2
2
(
θ˙
2 + sin2(θ)φ˙2
)
+mgl cos(θ)−
γ
ml
s, (52)
where on this case x1 = t (d = 1), γ1 = −
γ
ml
, φ1 = θ and φ2 = φ (N = 2). The
variable θ is the polar angle (the angle between the vertical line and the rigid rod),
and φ is the azimuthal angle (the rotation angle about the vertical line). As in the
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previous example, the last term in (52) can be interpreted as the potential energy
of the dissipative forces acting in the particle. The remaining terms are the kinetic
energy minus the potential energy of the conservative gravitational force for the
spherical pendulum [28]. From our generalized Euler-Lagrange equation (14) we
obtain the following equations of motion for the pendulum
ml
2
θ¨ + γlθ˙ −ml2 sin(θ) cos(θ)φ˙2 +mgl sin(θ) = 0 (53)
and
d
dt
(
ml
2 sin2(θ)φ˙
)
+ γl sin2(θ)φ˙ = 0. (54)
For γ = 0, (53) and (54) reduce to the well know equations of motion for the
classical conservative spherical pendulum [28]. On the other hand, as in the simple
example of a particle under frictional forces discussed in Section 2.1, the effective
potential energy γ
ml
s for the dissipative forces in the Lagragian (52) introduces
frictional forces proportional to the velocity in the equations of motion. In (53)
we have a frictional force proportional to the polar velocity vθ = lθ˙ and in (54)
a force proportional to the azimuthal velocity vφ = l sin(θ)φ˙. As a consequence,
the total energy of the system, as well as the azimuthal angular momentum pφ =
∂L
∂φ˙
= ml2 sin2(θ)φ˙, is not conserved. It is important to notice that for γ = 0 the
equation (54) reduces to the conservation of the azimuthal angular momentum
dpφ
dt
= 0, as we should expect for a dissipationless system. From our generalized
Noether’s Theorem 4 the conserved quantity under time translations (ξ1 6= 0 and
η = 0) is
H(t)e
γ
ml
t =
(
ml2
2
(
θ˙
2 + sin2(θ)φ˙2
)
−mgl cos(θ) +
γ
ml
s
)
e
γ
ml
t
, (55)
from where it is evident that the Hamiltonian H(t) = E(t), corresponding to the
total energy E of the system (kinetic energy plus the potential energy of both
conservative and dissipative forces), is not conserved if γ 6= 0. Actually, as in the
previous example we have for the energy
E(t) = E0e
−
γ
ml
t =
(
ml2
2
(
θ˙
2 + sin2(θ)φ˙2
)
−mgl cos(θ)
)∣∣∣∣
t=0
e
γ
ml
t
, (56)
where E0 is a constant. Consequently, the total energy decreases exponentially
with time. Finally, the conserved quantity (55) obtained from our generalized
Noether’s Theorem 4 provide us a relation (56) that can be used to eliminate φ˙
in the equations of motion (53) and (54) facilitating the solution of this nonlinear
problem.
4.3 Internal symmetry: a dissipative complex scalar field
A complex scalar field is the simplest problem displaying internal symmetry. It
appears in the description of quantum systems, where the complex field φ de-
scribes the wave function of a physical scalar field related to bosonic particles and
its anti-particles. It arises in the description of several quantum systems, for ex-
ample, in the description of the collective excitation (phonon) in periodic elastic
Title Suppressed Due to Excessive Length 15
arrangement of atoms/molecules in condensed matter (solids and some liquids).
In order to consider the simplest dissipative (open) quantum system displaying
internal symmetry, let us consider the following Lagrangian function
L = ∂µφ∂
µ
φ
∗ −m2φφ∗ − γµs
µ
, (57)
where φ∗ is the complex conjugate of φ, m is the mass density of the field φ,
and the last term in (57) can be interpreted as a potential energy of a dissipa-
tive interaction. From the generalized Euler-Lagrange equation (14) we obtain, by
considering φ1 = φ and φ2 = φ∗, the following equation of motion:
∂µ∂
µ
φ+mφ− γµ∂
µ
φ = 0, (58)
that for γµ = 0, and ∂µ∂
µ = 1
c2
∂2
∂t2
−∇2, reduces to the well know Klein-Gordon
equation.
The lagrangian (57) has a continuous symmetry related to phase changes of φ,
since the transformation x˜µ = xµ and φ˜ = eiεφ (ξµ = 0, η1 = iφ, and η2 = −iφ∗)
leaves (57) invariant. Thus, from the generalized Noether theorem (43) we obtain
the following associated conserved current
j
µ = i
(
φ∂
µ
φ
∗ − φ∗∂µφ
)
e
γαx
α
. (59)
Since currents of the form i (φ∂µφ∗ − φ∗∂µφ) have the interpretation of electric
charge (or particle number), from (59) we see that, as we should expect in an
dissipative (open) problem, the charge of a system defined by the Lagrangian (57)
decreases exponentially in time when γµ = (γ, 0, 0, 0).
5 Conclusions
In the present work, we formulate a generalization of the Noether Theorem for the
Action Principle with action-dependent Lagrangian functions introduced in [16,
17]. When the dependence on the action is removed, both the Action Principle
and the generalized Noether Theorem reduces to the traditional ones. Noether’s
theorem is one of the most important theorems for physics in the 20th century.
It is well known that all conservation laws in physics, e.g., conservation of energy
or conservation of momentum, are directly related to the invariance of the action
under a family of transformations. However, the classical Noether theorem cannot
yield information about constants of motion for non-conservative systems since
it is not possible to formulate physically meaningful Lagrangians for this kind of
systems in the classical calculus of variation. On the other hand, our recent Ac-
tion Principle with action-dependent Lagrangian functions [16,17] enables us to
construct meaningful Lagrangian functions, which provide physically consistent
expressions for the momentum and the Hamiltonian of the system, for a huge
variety of non-conservative systems (classical and quantum). Consequently, the
generalized Noether Theorem we formulate in the present work enables us to in-
vestigate conservation laws for non-conservative systems. In order to illustrate the
potential of application of our Action Principle and its related Noether Theorem,
we consider three examples of dissipative systems. In the first, we investigate the
conserved quantities related to spacetime transformations symmetries for a viscous
vibrating string. In the second example, we studied the conservation law related to
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time transformations symmetry in a two-degree-of-freedom nonlinear dissipative
oscillator. Finally, in the last example, we analyze the conservation law related to
internal (global) symmetry of a dissipative complex scalar field.
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